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ABSTRACT

Triboelectric nanogenerators (TENGs), using Maxwell’s displacement current as the driving force, can effectively convert mechanical energy
into electricity. In this work, an extensive review of theoretical models of TENGs is presented. Based on Maxwell’s equations, a formal phys-
ical model is established referred to as the quasi-electrostatic model of a TENG. Since a TENG is electrically neutral at any time owing to
the low operation frequency, it is conveniently regarded as a lumped circuit element. Then, using the lumped parameter equivalent circuit
theory, the conventional capacitive model and Norton’s equivalent circuit model are derived. Optimal conditions for power, voltage, and
total energy conversion efficiency can be calculated. The presented TENG models provide an effective theoretical foundation for under-
standing and predicting the performance of TENGs for practical applications.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0020961

I. INTRODUCTION

Triboelectric nanogenerators (TENGs) use Maxwell’s dis-
placement current as the driving force to convert mechanical
energy into electricity, which is a cutting-edge technology in the
field of energy harvesting at the small scale.1–5 Based on the
effects of contact electrification (CE) and electrostatic induction,
TENGs essentially belong to the family of mechanical energy
harvesters.6–8 As of now, four main effects have been utilized to
convert mechanical energy into electric energy: electromagnetic
induction, piezoelectric, electrostatic, and triboelectric effects.9–12

The electromagnetic device is based on electromagnetic induc-
tion according to Lenz’s law, while the other three devices are
governed by Maxwell’s displacement current (Fig. 1). Among
these techniques, TENGs are probably the most effective
approach for energy conversion.13–17

In this review, we present various theoretical models for describ-
ing TENGs:

(a) formal physical models of TENGs;
(b) equivalent electrical circuit models of TENGs;

(c) electromechanical coupling model of a TENG in an energy
harvesting system; and

(d) relationship among various models.

II. MECHANISMS FOR ENERGY HARVESTING

Mechanical energy is converted into electric power using four
effects: electromagnetic induction, piezoelectric, electrostatic, and
triboelectric effects.8,9,11 Each harvesting principle has its own char-
acteristics. Electromagnetic harvesters are more common for larger-
size devices, while piezoelectric and electrostatic devices are suitable
for small scale energy harvesters.18,19 The basic structure of an elec-
trostatic harvester is similar to that of the TENG device but the
ways of generating and transporting electric charges are different.
In a TENG, tribocharges are created because of CE; whereas an
external supply source is required to polarize the capacitor material
of an electrostatic harvester, and electret materials are utilized to
convert mechanical power into electricity.20–23 Except for the elec-
tromagnetic device, the three other types of harvesters are based on
generation of Maxwell’s displacement current as a consequence of a
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time-varying electric field and polarization in the dielectric mate-
rial.1,2 Further details are provided in this review.

The TENG device is one of several types of electromechanical
transducers in modern energy harvesting systems associated with a
large number of applications in self-powered sensors, blue energy,
robotics, environmental protection, wearable electronics, and so
on.24–39 However, energy conversion and transportation in a TENG
energy harvesting system is not fully presented due to the complex-
ity of the physical mechanisms involved; in particular related to CE.
Consider a TENG harvester as shown schematically in Fig. 2. The
TENG device is composed of two electrodes and two different
dielectric materials. One electrode is fixed (right), while the other
moves under the action of an external mechanical force. When CE
occurs between the two dielectric materials, tribocharges are pro-
duced on the contacting surfaces. As a result, the dielectric materials
are polarized due to the generation of an electric field originating
from the generated charge distributions. In this way, mechanical
energy is converted and stored in a TENG device. Note that due to
the TENG’s constant and relatively slow movement, the stored
energy can be treated in a quasi-electrostatic manner, which is

essentially its electrical energy. It is different with the descriptions
in Ref. 27. As the relative displacement of the moving electrode
changes, the quasi-electrostatic energy changes. Thus, an intermedi-
ate system is needed to transfer the generated electrical energy.

As illustrated in Fig. 2, we arrange a connection of a TENG
transducer to a vibrating environment. The movable part of a
TENG is suspended on a spring (k) and serves as a proof mass
(which is a known quantity of mass and utilized as a reference in
the measuring instrument). The spring is attached to an external
frame placed in the environment, from which mechanical energy is
harvested. In a realistic mechanical system a certain part of the
energy is always lost due to dissipation (such as air damping),
hence a damper model is added here. In essence, this is a mass–
spring–damper system (a damped resonator). The movable elec-
trode (proof mass) is part of the resonator and the TENG trans-
ducer. Therefore, the TENG device couples the mechanical energy
and electrical energy fields. And the electrical energy is controlled
by the power management circuit. Note that the inverted arrow
indicates that the TENG transducer produces interaction effects
between the external mechanical trigger and the conditioning
circuit. This process is regarded as the reverse coupling effect.

III. FORMAL PHYSICAL MODELS OF TENGs

A. The first-principle theory of TENGs

Several types of models for the TENG device have been devel-
oped (Fig. 3). The first category is the formal physical model such
as the quasi-electrostatic models, which is based on the classical
electromagnetic theory.40–48 It is important to note that the
methods of three-dimensional (3D) mathematical modeling and
distance-dependent electric field (DDEF) modeling are established
according to the quasi-electrostatic model.4,46–48 The second cate-
gory is an equivalent electrical circuit model that basically contains
the CA model and Norton’s equivalent circuit model based on the
lumped parameter circuit theory.40,41,43 As demonstrated in Fig. 3,
the formal physical model and the equivalent electrical circuit
model are linked to each other and described by a transport

FIG. 1. Four main mechanical energy harvesters based on Lenz’s law, the pie-
zoelectric effect, the electrostatic effect, and the triboelectric effect. The electro-
magnetic nanogenerator is described by the conduction current while other
three nanogenerator types are described by displacement current.

FIG. 2. General energy flow in a
mechanical energy harvesting system
including an external excitation, a
TENG transducer, and a power man-
agement circuit. Mechanical energy is
transferred and stored in the TENG
transducer in the form of electrostatic
energy, and then extracted to the exter-
nal circuit. The bi-directional arrows
indicate that each component of the
harvesting system affects the upstream
components. The TENG transducer
couples the mechanical energy and
electrical energy.
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equation. The left-hand side of this equation is the potential drop
(fAB) of the TENG device, while the right-hand side is the voltage
(V = ∂Q/∂t × Z) across the external load. According to Kirchhoff’s
voltage law, the potential difference between the two electrodes of
TENG is equal to the voltage across the load resistance, thus the
transport equation is obtained. The physics of TENGs is determined

by the variation of potential (f), electric field (E), polarization of
the dielectric material (P), and Maxwell’s displacement current (ID).
The circuit models determine the outputs from the external circuit
such as the variation of voltage (V), current (I), power (P), and
extracted electrical energy (E). All these models are described by the
expanded Maxwell’s equations proposed by Wang.2

As shown in Fig. 4, Maxwell’s equations are expanded pri-
marily through the addition term PS (Fig. 4), known as the Wang
term.1,2,44 The Wang term originates from the presence of elec-
trostatic surface charges and is, therefore, not a result of the
electric-field induced medium polarization P. Hence, adding the
Wang term to D,

D ¼ ε0E þ P þ PS, (1)

the corresponding displacement current density JD is given by

JD ¼ @D
@t

¼ ε0
@E
@t

þ @P
@t

þ @PS

@t
¼ ε

@E
@t

þ @PS

@t
, (2)

where ε0 represents the permittivity of free space (vacuum); ε is
called the permittivity of the material (or medium), and
ε≡ ε0(1 + χe), where χe represents the electric susceptibility of the
medium. Then, we have P= (ε−ε0)E, which accounts for only the
polarization in the medium owing to the presence of electric field,
as in the standard text book. However, with considering the pres-
ence of electrostatic charges on surfaces owing to the piezoelectric
or triboelectric effect, the new term PS must be added in Maxwell’s
electric displacement to represent the non-electric field induced
polarization due to mechanical triggering (contact electrification).

FIG. 3. Models of TENGs including the formal physical model and equivalent
electrical circuit model as well as the relationships between them. Note that the
formal physical model and equivalent electrical circuit model are linked to each
other by a transport equation.

FIG. 4. A comparison of displacement
current between Maxwell’s equation
and Wang’s expanded equation. The
first term ε∂E/∂t in JD induced by elec-
tric field is given by Maxwell in 1861;
while the second term ε∂Ps/∂t was
firstly proposed by Wang in 2017. The
displacement current density JD is the
governing principle behind mechanical
energy harvesters based on piezoelec-
tricity, electrostatics, and triboelctricity.2

Reproduced with permission from
Wang, Nano Energy 68, 104272
(2020). Copyright 2020 Elsevier.
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Thus, there is a distinct difference in the physical origin between P
and PS. In addition, the volume charge density and the density of
current density are redefined by

ρ0 ¼ ρ� ∇ � PS, (3)

J 0 ¼ J þ @PS

@t
, (4)

satisfying the charge conversion and continuation equation:

∇ � J 0 þ @ρ0

@t
¼ 0: (5)

As the result, Maxwell’s equations are rewritten as

∇ � D0 ¼ ρ0, (6:a)

∇ � B ¼ 0, (6:b)

∇� E ¼ � @B
@t

, (6:c)

∇�H ¼ J 0 þ @D0

@t
: (6:d)

The above four self-consistent equations describe the relations
among electromagnetic fields and charges as well as current distri-
butions in TENGs. The term (ε∂E/∂t) in Eq. (2) is the well-known
contribution to Maxwell’s displacement current. The last term
(∂PS/∂t) in Eq. (2) represents the displacement current due to the
presence of surface charges that does not depend on the electric
field. Further, while the first term is important at high frequencies,
the second term provides an important energy generation contribu-
tion at low frequencies.2,4,6

For the potential difference between the two electrodes, it can
be calculated by (Fig. 5)2

fAB ¼
ðB
A

E � dL ¼ @Q
@t

Z: (7)

Note that this equation represents a link between the inter-
nal circuit and external circuit of TENG device. On the other
hand, the displacement current ID, calculated by a surface inte-
gral of JD, is

2,4,44

ID ¼
ð
JD � ds ¼

ð
@D
@t

� ds ¼ @

@t

ð
(∇ � D)dr ¼ @

@t

ð
ρdr ¼ @Q

@t
: (8)

Here, Q is the free charge on the electrode. Several conclusions
are obtained:2

(a) The driving force internally in TENGs is the displacement
current, while the current received on the load is the conduc-
tion current.

(b) The displacement current is equal to the conduction current
at the electrodes under ideal conditions (no losses/leakage
currents).

(c) The displacement and conduction currents join at the elec-
trodes of TENGs forming a complete loop. For piezoelectric,
electrostatic, and electret effects-based generators, the genera-
tion of current is driven by the displacement current inside the
nanogenerators. From the generalized Maxwell’s equations, we
have obtained the driving force and governing equation of
TENG device. The TENG’s output characteristics can be pre-
dicted completely through formal physical and equivalent elec-
trical circuit models which are discussed as following.

B. Quasi-electrostatic model of TENGs

1. General theory of the electric potential

First, suppose the medium is composed of different dielectric
materials containing tribocharges. The composed medium is sand-
wiched between two electrodes containing free charges [Fig. 6(c)].

FIG. 5. (a) Schematic illustration of a
nanogenerator which can be abstracted
as a lumped element with potential
difference given by fAB ¼ Ð BA E � dL
¼ @Q

@t R ; (b) a typical vertical contact-
separation mode TENG described by
the displacement current within the
TENG and conduction current in the
external circuit.2 Reproduced with per-
mission from Wang, Nano Energy 68,
104272 (2020). Copyright 2020 Elsevier.
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The Maxwell–Poisson equation is4

∇ �D ¼ ρ(r), (9)

where ρ is the charge density composed of free charges on the
surface of the electrodes and tribocharges in the media. Solving this
equation, an integral solution for the electric potential (f) in the
dielectric material α is

f(r) ¼ 1
4πεα

ð
ρ(r0)
jr� r0jdV , (10)

where εα represents the constant permittivity of the dielectric
media α. This is a starting point for the method of 3D mathemati-
cal modeling for TENGs.

A Cartesian coordinate system is schematically illustrated in
Fig. 6(a) represented by unit vectors ex, ey, and ez. Suppose we have
N finite-sized planes, all with the same geometric dimensions a
and b along the x and y directions, respectively. These planes are all
centered at (x, y) = (0, 0) and located at positions z1,…,zN with

surface charge densities σ1,…,σN, respectively [Fig. 6(b)].
According to Eq. (10), the electrical potential at an arbitrary point
r = (x, y, z) is4

f(x, y, z) ¼
XN
i¼1

ða/2
�a/2

ðb/2
�b/2

σ idx0dy0

4πε(r)
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(x � x0)2 þ (y � y0)2 þ (z � z0i)

2
q

¼
XN
i¼1

σi

4πε(r)

ða/2
�a/2

ðb/2
�b/2

dx0dy0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(x � x0)2 þ (y � y0)2 þ (z � z0i)

2
q :

(11)

This equation will be used to calculate the electric potential in the
3D mathematical model.

2. General theory of the electric field and displacement
current

From Eq. (11), the relevant electric field is4

E(x, y, z) ¼ �∇f

¼
XN
i¼1

σ i

4πε(r)

ða/2
�a/2

ðb/2
�b/2

dx0dy0

(x � x0)2 þ (y � y0)2 þ (z � z0i)
2

(x � x0, y � y0, z � zi)ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(x � x0)2 þ (y � y0)2 þ (z � z0i)

2
q , (12)

FIG. 6. (a) Schematic illustration of a conventional Cartesian coordinate system; (b) a set of finite-sized charged planes with the charge density σ1, σ2, …, σN at the posi-
tion of z1, z2,…,zN, which are all centered at the position of (0, 0) and constructed in the Cartesian coordinate system; (c)–(e) sketches of the vertical contact-separation
mode TENG, single electrode contact mode TENG and lateral-sliding mode TENG in the Cartesian coordinate system with different charge densities on the planes.4

Reproduced with permission from Shao et al., Nano Energy 60, 630 (2019). Copyright 2019 Elsevier.
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where εα = ε(r). From symmetry considerations, Ex and Ey vanish
identically upon integration over x´ and y´. Therefore, the electric
field component along the z direction is

EZ(0, 0, z) ¼
XN
i¼1

σ i(z � z0i)
4πε(r)

ða/2
�a/2

ðb/2
�b/2

dx0dy0

[x02 þ y02 þ (z � z0i)
2]

3/2:

(13)

If these charged N-finite-sized planes are fixed at positions
z1,…,zN, respectively, the electric field originating from these
charge distributions will not change, which leads to generation of
an electrostatic field for the three-dimensional space frame.

However, when part of the charged planes move with a very low
frequency, a change of total electric field occurs. In other words,
the electrostatic model will change to a quasi-electrostatic model
for this 3D structure. Based on this quasi-electrostatic model, the
methods of 3D mathematical modeling and DDEF modeling
have been proposed to investigate the physical variables of the
TENG device.4,46–48

Consider the CS model TENG as an example [Fig. 6(c)].
When a load resistance is connected between the two electrodes,
charges will be transferred from one electrode to the other to
reduce the potential difference. Thus, the presence of four charged
plans in the CS mode TENG device allows us to write for the elec-
tric field at position z,

EZ(0, 0, z) ¼� σU

πε(z)
arctan

ab

4(z � z1)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a
2

� �2
þ b

2

� �2

þ (z � z1)
2

s
0
BBBB@

1
CCCCAþ σT

πε(z)
arctan

ab

4(z � z2)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a
2

� �2
þ b

2

� �2

þ (z � z2)
2

s
0
BBBB@

1
CCCCA

� σT

πε(z)
arctan

ab

4(z � z3)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a
2

� �2
þ b

2

� �2

þ (z � z3)
2

s
0
BBBB@

1
CCCCAþ σU

πε(z)
arctan

ab

4(z � z4)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a
2

� �2
þ b

2

� �2

þ (z � z4)
2

s
0
BBBB@

1
CCCCA, (14)

where σT and σU represent the tribocharge density and transferred charge density between the two electrodes, respectively, and ε(z) is the
permittivity at position z. Note that ε(z) is a step function. Using this equation, the electric field inside the air gap [Ez,air (0, 0, zair)], dielec-
tric 1 [Ez,d1 (0, 0, zd1)], and dielectric 2 [Ez,d2 (0, 0, zd2)] can be calculated, respectively.

According to the definition of the displacement current, the displacement current through a surface S is given by4

ID ¼
ð
S

@D
@t

� ndS, (15)

where n is a normal vector to the surface element dS. Based on Eq. (13), the displacement current along the z direction is

ID ¼
XN
i¼1

ð
S
dS

@

@t
σ i

4π

ða/2
�a/2

ðb/2
�b/2

dx0dy0
z � zi

[(x � x0)2 þ (y � y0)2 þ (z � z0i)
2]

3/2

 !
, (16)

when the S integration extends over the full x—y plane. Including in the integration the region outside the area defined by the plates, it is
easy to show that ID is constant in z and given by

ID ¼
XN
i¼1

ð1
�1

dx
ð1
�1

dy
@

@t
σ i

4π

ða/2
�a/2

ðb/2
�b/2

dx0dy0
z � zi

[(x � x0)2 þ (y � y0)2 þ (z � z0i)
2]

3/2

 !

¼
XN
i¼1

@

@t
σ i

4π

ða/2
�a/2

ðb/2
�b/2

dx0dy0
z � zi

[(x � x0)2 þ (y � y0)2 þ (z � z0i)
2]

3/2

 !

¼ ab
XN
i¼1

ð1
�1

dx1

ð1
�1

dy
1

@

@t
σ i

4π
z � zi

[x21 þ y21 þ (z � z0i)
2]

3/2

 !
: (17)
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In obtaining the third equality, the substitution of variables x, y by x1 = x−x´, y1 = y−y´ was used. Thus, the displacement current of
the CS mode TENG is given by

ID ¼
ð
s

@D
@t

� ndS ¼
ð
s

@Dz

@t
dS

¼ � 1
4π

(z � z1)
@

@t
σU(t)

ð1
�1

dx
ð1
�1

dy
ða/2
�a/2

dx0
ðb/2
�b/2

dy0

[(x � x0)2 þ (y � y0)2 þ (z � z1)
2]

3/2

" #

þ σT

4π
(z � z2)

@

@t

ð1
�1

dx
ð1
�1

dy
ða/2
�a/2

dx0
ðb/2
�b/2

dy0

[(x � x0)2 þ (y � y0)2 þ (z � z2)
2]

3/2

" #

� σT

4π
(z � z3)

@

@t

ð1
�1

dx
ð1
�1

dy
ða/2
�a/2

dx0
ðb/2
�b/2

dy0

[(x � x0)2 þ (y � y0)2 þ (z � z3)
2]

3/2

" #

þ 1
4π

(z � z4)
@

@t
σU(t)

ð1
�1

dx
ð1
�1

dy
ða/2
�a/2

dx0
ðb/2
�b/2

dy0

[(x � x0)2 þ (y � y0)2 þ (z � z4)
2]

3/2

" #
: (18)

Finally, one finds4,45

ID ¼ I ¼ @q
@t

: (19)

3. General theory of the dimensional analysis from the 3D mathematical modeling

Dimensional analysis enables one to predict the behavior of large systems from a study of small-scale models. It also provides a
useful cataloging system of physical quantities. Here, the method of dimensional analysis is introduced to study the quasi-electrostatic
model and output performances of TENGs. From Eq. (11), the dimensionless electric potential at an arbitrary point r* = (x*, y*, z*) is
derived by46

f*(x*, y*, z*) ¼
XN
i¼1

ð a
2L

� a
2L

ð b
2M

� b
2M

LMσT
σ*
i dx

0*dy0*

4πε0ε(r)
*
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2(x* � x0*)2 þM2(y* � y0*)2 þ N2(z* � z0*i )

2
q

¼
XN
i¼1

LMσTσ*
i

4πε0ε(r)
*

ð a
2L

� a
2L

ð b
2M

� b
2M

dx0*dy0*ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2(x* � x0*)2 þM2(y* � y0*)2 þ N2(z* � z0*i )

2
q , (20)

and the related dimensionless electric field is

E*(x*, y*, z*) ¼ �∇f*

¼
XN
i¼1

LMσTσ*
i

4πε0ε(r)
*

ð a
2L

� a
2L

ð b
2M

� b
2M

dx0*dy0*

L2(x* � x0*)2 þM2(y* � y0*)2 þ N2(z* � z0*i )
2

(x* � x0*, y* � y0*, z* � z0*i )ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2(x* � x0*)2 þM2(y* � y0*)2 þ N2(z* � z0*i )

2
q , (21)

where x* = x/L, y* = y/L, z* = z/N; and x´* = x0/L, y´* = y´/L, zi´* = zi´/L; ε(r)* = ε(r)/ε0, σi* = σi /ΣσT. L, M, and N are characteristic dimen-
sions of the 3D mathematical model in the x, y, and z directions. Observe that L, M, and N are, in general, different. However, if L =M =N,
these equations can be further simplified.46

C. Power generation of TENGs

1. Power generation of the contact-separation (CS) mode TENG

Through Maxwell’s equations, the 3D mathematical model of TENGs has been built. The advantages in using this quasi-electrostatic
model are that it does not only provide a physical picture of the operation of TENGs, but also provides a time-dependent and complete 3D
space resolution. A typical CS model TENG composed by two electrodes and two different dielectric materials are demonstrated in Fig. 6(c).
According to the 3D mathematical model and Eq. (11), the electric potentials of the electrodes at z = z4 and z = z1 are given by4
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f(0, 0, z4) ¼ � σU

πε2

ð1
z4�z1

f (z0)dz0þ σU

πε2

ð1
0

f (z0)dz0þ σT

πε2

ð1
z4�z2

f (z0)dz0 � σT

πε2

ð1
z4�z3

f (z0)dz0, (22:a)

f(0, 0, z1) ¼ � σU

πε1

ð1
0

f (z0)dz0þ σU

πε1

ð1
z1�z4

f (z0)dz0þ σT

πε1

ð1
z1�z2

f (z0)dz0 � σT

πε1

ð1
z1�z3

f (z0)dz0, (22:b)

where

f (z) ¼ arctan
ab

4z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a
2

� �2
þ b

2

� �2

þ z2

s
0
BBBB@

1
CCCCA: (23)

When a load resistance Z is connected between the electrodes, the
voltage across Z is

ΔV ¼ ZI ¼ �Z
dQ
dt

¼ �ZS
dσU

dt
, (24)

where S is the area of the electrode which is equal to the contacting
surface. According to Kirchhoffs’ law,

�ZS
dσU

dt
¼ f(0, 0, z4)� f(0, 0, z1): (25)

This equation is essentially the same as Eq. (7), both of them are
first-order linear differential equations. By solving Eq. (25), the charge
density, current, voltage as well as the transient power P can be deter-
mined. The electrical energy E is calculated as the integral of transi-
nent power P. As stated above, the extracted electrical energy is
determined by the conditioning circuit of the TENG device.

Furthermore, the open-circuit voltage VOC and short-circuit
current ISC are given by

�VOC ¼ f(0, 0, z4)� f(0, 0, z1) ¼ σT

πε2

ðz4�z3

z4�z2

f (z0)dz0

þ σT

πε1

ðz1�z2

z1�z3

f (z0)dz0, (26)

ISC ¼ S
dσU

dt
: (27)

The numerical results of VOC and QSC as well as ISC calculated
from different models are illustrated in Fig. 7, in which the method
of FSCP modeling (finite-sized-charged planes) is equal to the
method of 3D mathematical modeling. It is seen that the methods
of 3D modeling and DDEF modeling lead to the same result, but
the CA model exhibits markedly different results especially at a
larger relative movement.4,47 This difference is a result of finite-edge
effects not accounted for in the CA model.

Based on this quasi-electrostatic model, a time-domain varia-
tion of the CS mode TENG with inductive load has also been
modeled. Figures 8(a) and 8(b) show a basic structure of a CS

model TENG and it is connected with an inductive circuit, respec-
tively. From Eq. (11), the electric potentials at each electrode are49

wa ¼ � ρab
πεa

ð1
DaþDbþd(t)

f (z)dz þ ρab
πεa

ð1
0

f (z)dz

þ ρε
πεa

ð1
Daþd(t)

f (z)dz � ρε
πεa

ð1
Da

f (z)dz, (28:a)

wb ¼ � ρab
πεb

ð1
0

f (z)dz þ ρab
πεb

ð1
�Da�Db�d(t)

f (z)dz

þ ρε
πεb

ð1
�Db

f (z)dz � ρε
πεb

ð1
�Db�d(t)

f (z)dz: (28:b)

The potential difference is written as

Vab ¼ RI þ L
dI
dt

¼ �R
dQ
dt

� L
d2Q
dt2

¼ �RS
dρab
dt

� LS
d2ρab
dt2

, (29)

where R is the system inductance and I denotes the current flowing
the circuit. Kirchhoff’s law states

�LS
d2ρab
dt2

� RS
dρab
dt

¼ wa � wb: (30)

Unlike Eq. (25), the latter equation is a second-order ordinary
differential equation (ODE). Its solution provides the time-domain
free charge density on the electrode. Note that the initial condition
is ρab = 0. The power output from the CS mode TENG is

Pt(t) ¼ Vab(t)I(t) ¼ RI2(t)þ LI(t)
dI(t)
dt

¼ RS2(
dρab
dt

)þ LS
dρab
dt

d2ρab
dt2

: (31)

Figures 8(c)–8(f) demonstrate the basic outputs of this energy
oscillation circuit. As seen from Fig. 8(c) and 8(d), for a low-resistive
load, a higher peak and longer periods of oscillation are found.
However, only weak or even no oscillations are obtained for the time-
domain voltage curve for a large load resistor. A similar trend is
observed for the total power output [Figs. 8(e) and 8(f)]. Note that
because of the phase shift difference between the current and voltage
of the inductor, a negative value in the total power is obtained. In
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general, the positive (or negative) oscillating value of the total power
corresponds to storing (or releasing of the stored) energy in the
inductor. Instead, a similar tendency with unidirectional (i.e., always
positive) oscillations is found for the time-domain power output
on the load; especially when the load resistance is small. Compared
with the total power depicted in Figs. 8(e) and 8(f), the power
through the load is extremely weak. The inductor is a pure energy
oscillation operation while the load is consuming the energy. Many
research works have proposed special circuits employing a combina-
tion of an inductor and other types of circuit blocks.

2. Power generation of the single-electrode contact
(SEC) mode TENG

Figure 6(d) illustrates a typical SEC mode TENG, composed by
one dielectric film and two electrodes. One electrode is regarded as
the primary electrode while the other is the reference electrode. When
the dielectric film moves up and down, the potential difference drives
the electrons to move from one electrode to the other, leading to the
generation of a conduction current. Using the method of 3D mathe-
matical modeling, the electric field component perpendicular to the
charged planes (along the z direction) of the SEC model is written as4

EZ(0, 0, z) ¼ σU

πε0
f (z � z1)� σU

πε0
f (z � z2)þ σT

πε0
f (z � z2)

� σT

πε0
f (z � z3): (32)

In the same way, the electric potentials at the positions of z1
and z4 read

f(0, 0, z1) ¼ σU

πε0

ð1
0

f (z0)dz0� σU

πε0

ð1
z1�z2

f (z0)dz0þ σT

πε0

ð1
z1�z2

f (z0)dz0

� σT

πε0

ð1
z1�z3

f (z0)dz0, (33:a)

f(0, 0, z2) ¼ σU

πε0

ð1
z2�z1

f (z0)dz0� σU

πε0

ð1
0

f (z0)dz0þ σT

πε0

ð1
0

f (z0)dz0

� σT

πε0

ð1
z2�z3

f (z0)dz0: (33:b)

From Eq. (7), the voltage across a connected load Z implies

Δf ¼ �ZS
dσU

dt
, (34)

where Δf stands for the potential difference between the two
electrodes.

The electric potential and potential difference–time relation-
ships with various load resistances of the SEC mode TENG are
numerically calculated and shown in Figs. 9(a) and 9(b). The
electric potential at positions z = z1 and z = z4 are denoted by wa

and wb, respectively. The encircled areas of electric potential-

FIG. 7. Comparisons of basic outputs
for the vertical contact-separation mode
TENG among the finite-sized charges
plane (FSCP) model (also called as
three-dimensional mathematical
model), distance-dependent electric
field (DDEF) model and the capacitive
(CA) mode of TENGs. (a) Open-circuit
voltage (VOC)–time relationship; (b)
peak of open-circuit voltage at different
maximum contact-separation distance
(xmax); (c) short-circuit output charges
(QSC)–time relationship; (d) corre-
sponding short-circuit current (ISC)–
time relationship.4 Reproduced with
permission from Shao et al., Nano
Energy 60, 630 (2019). Copyright 2019
Elsevier.
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transferred charge curves [Fig. 9(c)] are equivalent to the
extracted electrical energy, from which it is found that the har-
vested energy increases with the increasing of the load resistance.
The electric field at positions of z1, z3 and corresponding dis-
placement current are depicted in Figs. 9(d)–9(i). Numerical sim-
ulations are carried out according to Eqs. (14) and (22). The
normal fluctuation range of the electric field at z1 is larger than
that of the electric field at z3. This is because the air gap (h)
between the two electrodes is very small (h = 0.01 m). Thus, the
electric field due to surface charges at z3 strongly affects the
charge transformation between z1 and z2. When h increases
[Figs. 9(g)–9(i)], the electric field contribution from z3 decreases
and the total electric field at z1 changes in a reversible manner.
At this position, if the maximum z becomes large enough, the
electric field contribution from z3 has little influence at positions

z1 and z2, and the saturated transferred charge density σu will be
just half the value of σT.

4,50 The corresponding ID calculated
from Eq. (18) is shown in Fig. 9(f ).

3. Power generation of the lateral-sliding (LS)
mode TENG

As stated above, another advantage of the method of 3D
mathematical modeling is that it creates a time-dependent 3D
space resolution. For example, this model has been used to predict
the output performance of the LS model TENG, whose moving
part moves in the horizontal direction but not in the vertical direc-
tion. A typical LS model TENG composed of two dielectric films
and electrodes is depicted in Fig. 6(e). When there is a relative
movement, tribocharges are produced at the contacting surfaces. At

FIG. 8. Output characteristics of the vertical contact-separation mode TENG connected to the oscillation circuit. (a) The structure of the vertical contact-separation mode
TENG; (b) vertical contact-separation mode TENG with the connection of an external inductor and load; voltage–time relationship (c), total power–time relationship (e) and
power to the load-time relationship (g) for the vertical contact-separation mode TENG connected to the external load of R = 1 KΩ and L = 100 H; voltage–time relationship
(d), total power–time relationship (f ) and power to the load–time relationship (h) for the vertical contact-separation mode TENG connected to the external load of
R = 100 KΩ and L = 100 H.49 Reproduced with permission from Lu et al., Nano Energy 63, 103883 (2019). Copyright 2019 Elsevier.
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the overlapping areas of the dielectric film, tribocharges are zero
since the distance between the two contacting surfaces is extremely
small under ideal condition.46,51

According to the 3D mathematical model and Eq. (11), the
electric potential of the LS mode TENG at OC conditions can be
rewritten as46

f(x, y, z, t)¼� σT

4πε(r)

ða(t)
0

dx0
ðb/2
�b/2

dy0

[(x � x0)2þ(y � y0)2 þ (z � z0� )
2]

1/2 þ
σT

4πε(r)

ðLþa(t)

L
dx0
ðb/2
�b/2

dy0

[(x � x0)2þ(y � y0)2 þ (z � z0þ )
2]

1/2

þ σT

4πε(r)

ða(t)
0

dx0
ðb/2
�b/2

dy0

[(x � x0)2þ(y � y0)2 þ (z � z1)
2]

1/2 �
σT

4πε(r)

ðLþa(t)

L
dx0
ðb/2
�b/2

dy0

[(x � x0)2þ(y � y0)2 þ (z � z2)
2]

1/2

þ σE

4πε(r)

ðL
a(t)

dx0
ðb/2
�b/2

dy0

[(x � x0)2þ(y � y0)2 þ (z � z3)
2]

1/2 �
σE

4πε(r)

ðL
a(t)

dx0
ðb/2
�b/2

dy0

[(x � x0)2þ(y � y0)2 þ (z � z4)
2]

1/2 ; (35)

FIG. 9. Electric potential and electric field of the single-electrode mode TENG numerically calculated based on the three-dimensional mathematical mode. (a) Electric
potential and potential difference–time relationship with the load resistance of 100 GΩ; (b) electric potential–time relationships at different load resistances; (c) electric
potential–output charge plots at different load resistances; electric field–time relationships at the positions of z = z1 (d, g, h, i) and (e) z = z3, and (f ) corresponding displace-
ment current at different load resistances. The quantity h represents the separation distance of between z1 and z3 for the single-electrode mode TENG.4 Reproduced with
permission from Shao et al., Nano Energy 60, 630 (2019). Copyright 2019 Elsevier.
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where a(t) is a relative time-dependent distance and L represents the length of the electrode. σE is the charge density existing at the overlap-
ping part of the bottom (top) electrode, which is determined by the requirement that the charge density σ0 on the electrodes must be zero
at any time. Here, the notation z0− indicates that negative tribocharges are generated at a z value infinitesimally smaller than z0.
Furthermore, z0+ implies that positive tribocharges are generated at a z value infinitesimally larger than z0. The corresponding electric field
at OC conditions is

E(x, y, z, t) ¼� σT

4πε(r)

ða(t)
0

dx0
ðb/2
�b/2

(x � x0, y � y0, z � z0- )

[(x � x0)2þ(y � y0)2 þ (z � z0� )
2]

3/2 dy
0 þ σT

4πε(r)

ðLþa(t)

L
dx0
ðb/2
�b/2

(x � x0, y � y0, z � z0 þ )

[(x � x0)2þ(y � y0)2 þ (z � z0 þ )2]
3/2 dy

0

þ σT

4πε(r)

ða(t)
0

dx0
ðb/2
�b/2

(x � x0, y � y0, z � z1)

[(x � x0)2þ(y � y0)2 þ (z � z1)
2]

3/2 dy
0 � σT

4πε(r)
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L
dx0
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þ σE
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ðL
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dx0
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(x � x0, y � y0, z � z1)
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�b/2
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[(x � x0)2þ(y � y0)2 þ (z � z2)
2]

3/2 dy
0:

(36)

According to the definition of displacement current and Eq. (12), the displacement current through the internal TENG surface z at OC
conditions (ID,OC) is

ID,OC ¼
ð
s
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Using the same method, the electric field at SC conditions is

E(x, y, z, t) ¼� σT
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Note that to maintain electrostatic equilibrium, charges will be transferred from one electrode to the other at SC conditions. The transferred
charges are represented by ±σU(t), respectively. Then, the relevant displacement current through the entire surface z at SC conditions (ID,SC) is
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If a load resistor is connected between the two electrodes, the
electrical potential at the positions of z1 and z2 are given by f1 (x,
y, z1, t) and f2 (x, y, z2, t), respectively. The governing equation of
the LS model TENG is written as

�ZS
dσU

dt
¼ f1(x, y, z1)� f2(x, y, z2): (40)

Note that Z represents the external electric impedance and S is
the contacting surface. As mentioned earlier, Eq. (40) is a time-
dependent differential equation, through which σU(t) can be
solved. Furthermore, the current, transient power, electrical energy,
and average power of the LS mode TENG can be predicted.

It was demonstrated that the TENG transducer couples the
mechanical and electrical energy fields. The mechanical energy is
first converted into electrical energy and stored in the TENG
device through the presence of an electric field, and a part of the
electrical energy is extracted to the external circuit. The magnitude
of the extracted energy or electrical energy is controlled by the con-
ditioning circuit. On the other hand, according to the built capaci-
tive model, the TENG device is represented by an open-circuit
voltage (VOC) source in series with a time-varying capacitor [C(t)].
The TENG, due to its time-varying capacitor, serves as a resistance
to the flow of electric charges, and is represented by an internal
resistance is [ZT(t)] is defined by46

ZT(t) ;
1

ωC(t)
¼ 1

2πfC(t)
, (41)

where ω is the angular velocity and f is the frequency. In general,
only when an external load is equal to the internal resistance of the
TENG device, the largest electrical energy is obtained. The corre-
sponding external load is denoted as the optimum resistance.
However, due to the internal resistance of a TENG changing in
time (except for the free-standing model TENG), its effective value
[root mean square (rms)] is utilized to get the optimum resistor.
The rms value/effective value of ZT(t) is defined by46

Zopt ¼ Zrms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
T

ðT
0
[ZT(t)]

2dt

s
, (42)

where T stands for the period of ZT(t). If the rms of an AC signal
has the same value as a DC signal then the two signals dissipate the
same amount of power. Hence, Zrms can be regarded as the
optimum resistance of a TENG device. Through the same method,
the rms/effective voltage (Vrms), current (Irms), and charge (Qrms)
are finally derived. It can be shown that the relationship among the
average power (Pav), Vrms and Irms is

46

Pav ¼ VrmsIrms: (43)
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Equation (43) is the power transfer in a full cycle.
Numerical simulations of the LS mode TENG are illustrated in
Figs. 10(a)–10(e). Figure 10(f ) shows a comparison of the
average power calculated for two different optimum resistances.
The Pav for the optimum resistance in steady state (Zopt,steady) is
26.65 μW, which is improved by a factor of 77.5% when com-
pared to that of at the optimum resistance calculated from the
transition state (Zopt,1half ).

46 The optimum resistance of a
TENG device is obtained from Eq. (42). To compare perfor-
mances, the rms voltage and current as well as the average power
are relevant.

Based on the quasi-electrostatic model, theoretical models of
the CS mode TENG, SEC mode TENG, and LS mode TENG have
been developed. It can be predicted that the method of 3D model-
ing built from the quasi-electrostatic model is also available to
other kinds of TENGs such as the freestanding mode TENG or
other harvesters that are governed by the displacement current. In
other words, as a general model, the quasi-electrostatic model can
not only clarify the physical picture of a TENG device, but also
predict the output characteristics of the TENGs.

D. Quasi-electrostatic model of TENGs:
distance-dependent electric field (DDEF) modeling

1. Electric field of TENGs calculated by the DDEF model

As stated above, the method of 3D mathematical modeling is
proposed based on the quasi-electrostatic model, which can be uti-
lized to describe the variations in the 3D structure. In fact, the
method of DDEF modeling is a special case of the 3D mathematical
modeling, useful only to explore the variation in one particular
direction. As demonstrated in Fig. 11(a), consider a charged tribo-
electric layer with dimensions L and W, uniform surface charge
density of σ, in a free space with the permittivity of ε0, the electric
field perpendicular to the layer (Ez) is

47,48,52

Ez ¼ σ

πε0
arctan

L
W

2
z
W

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

z
W

� �2 þ L
W

� �2

þ 1

s
0
BBBB@

1
CCCCA ¼ σ

πε0
f (z): (44)

FIG. 10. Output characteristics of the lateral-sliding mode TENG. (a) Electric field at the bottom electrode (z = z1) and (b) corresponding displacement current vs time at
the optimum resistance; (c) capacitance and (d) reactance vs time under periodic mechanical motion of the single-electrode mode TENG; Crms represents the root-mean
square capacitance; (e) root-mean square voltage (Vrms), current (Irms), and average power (Pav) at different load resistances; ( f ) a comparison of maximum average
power Pav between the two different optimum resistances: the first one (Zopt,1half ) comes from the transient state (the first half-cycle), and the second one (Zopt,steady) from
the steady state.46 Reproduced with permission from Shao et al., Appl. Phys. Rev. 7, 011405 (2020). Copyright 2020 AIP Publishing LLC.
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Considering two opposite tribocharged surfaces, the total elec-
tric field can be rewritten as　

ETotal ¼ σ

πε0
[f (x)� f (x þ z)], (45)

where z is the separation distance between the two charged players,
and x represents the distance from the point of interest to the
charged layers. The total electric field at the midpoint of a convex
charged surface is [Fig. 11(b)]47

Ez,convex ¼ σL
πε0

ðw/2
0

zþw
2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w
2

2 � x2
r !

R2
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4R2

1 þ L2
p dx, (46:a)

where

R2
1 ¼ x2 þ zþw

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w
2

2 � x2
r !

: (46:b)

For a concaved charged layer, the electric field is47

Ez,concave ¼ σL
πε0

ðw/2
0

z � w
2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w
4

2 � x2
r !

R2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4R2

2 þ L2
p dx, (47:a)

where

R2
2 ¼ x2 þ z � w

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w
4

2 � x2
r !

: (47:b)

FIG. 11. Output characteristics of the vertical contact-separation mode TENG numerically calculated from the Distance-Dependent-Electric Field mode (DDEF model). (a)
calculation of the total electric field originating from the two oppositely charged planes; calculating the total electric field originating from the (b) convex and (c) concave
charged planes; (d) a typical contact-separation mode TENG with four charged planes; (e) three working regions of the contact-separation mode TENG at different load
resistances; ( f ) a comparison of peak power between the theoretical and experimental results; (g) comparison of experimental open-circuit voltage vs theoretical results
from the distance-dependent mode and capacitive mode (previously published mode); comparison of current between the numerically simulations and experimental results
at different (h) amplitudes and (i) frequencies; ( j) a comparison of the peak power at different load resistances.47 Reproduced with permission from Dharmasena et al.,
Energy Environ. Sci. 10, 1801 (2017). Copyright 2017 Royal Society of Chemistry.
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2. Electric potentials of TENGs calculated by the DDEF
model

According to Eqs. (12) and (44), the electric field from the
charged surface depends on σT and z of the TENG device. A
special CS mode TENG with m tribocharged surfaces is shown in
Fig. 11( j). Setting the zero point of the electric potential at infin-
ity the electric potentials at electrode a (fa) and b (fb) are
written as48

fa ¼ � σU

πεa

ðy
0

f (x)dx þ 1
π

Xm
i¼1

σT,i

εa

ð1
xa,i

f (x)dx

0
B@

1
CA, (48:a)

fb ¼ � σU

πεb

ðy
0

f (x)dx þ 1
π

Xm
i¼1

σT,i

εb

ð1
xb,i

f (x)dx

0
B@

1
CA: (48:b)

From Eq. (7), the potential difference V between the two elec-
trodes is

V ¼ fa � fb, (49)

When a load resistor Z is connected between the two electrodes,
the voltage across Z is

LWZ
dσU

dt
þ σU

π

1
εa

þ 1
εb

� �ðy
0

f (x)dx

� 1
π

Xm
i¼1

σT,i

εa

ð1
xa,i

f (x)dx � σT,i

εb

ð1
xb,i

f (x)dx

0
B@

1
CA

2
64

3
75 ¼ 0: (50)

The latter is also a time-dependent differential equation that
allows σu(t) to be determined. As stated earlier, at OC conditions
the transferred charge is zero, i.e., σu(t) = 0; while at SC conditions
the potential difference is 0, i.e., V =fa−fb = 0.

E. Outputs characteristics of TENGs calculated by the
DDEF model

1. Electrical potential of the CS mode TENG

A typical CS mode TENG is illustrated in Fig. 11(d). Using
the method of DDEF modeling and Eq. (48), the electrical poten-
tials at electrodes 1 and 2 are rewritten as47

f1 ¼ � σU

πε1

ðx1þx2þz

0

f (x)dx

2
4

3
5þ σT

πε1

ðx1þz

x1

f (x)dx

2
4

3
5, (51:a)

f2 ¼ � σU

πε2

ðx1þx2þz

0

f (x)dx

2
4

3
5� σT

πε2

ðx2þz

x2

f (x)dx

2
4

3
5: (51:b)

If a load resistor Z is connected between the electrodes, the
voltage across Z is

SZ
dσU

dt
þ σU

π

1
ε1

þ 1
ε2

� � ðx1þx2þz

0

f (x)dx

� 1
π

1
ε1

ðx1þz

x1

f (x)dx þ 1
ε2

ðx2þz

x2

f (x)dx

2
4

3
5 ¼ 0: (52)

This is a first-order ODE from which the output charge
density σu(t) can be determined.

From Eq. (52), the current, voltage, and power against various
resistances can be calculated numerically. Figure 11(e) shows the
peak current, voltage, and power output predicted by the DDEF
model. It is observed that the peak voltage is lower at lower resis-
tances, leading to a small power output. When the resistance
increases, the peak voltage increases; however, the peak current
decreases significantly, and a low power results. Hence, the
maximum peak power is obtained at an intermediate resistance.
Therefore, three working regions are contained in the output behav-
ior, as can be experimentally verified. Figure 11(f) shows good agree-
ment between simulated and experimental peak power values.

A comparison of the experimental VOC vs the separation distance
for the DDEF model and the CA model is illustrated in Fig. 11(g).
The VOC predicted by the CA model increases proportional to the sep-
aration distance which deviates from the experimental results.
However, simulations from the DDEF model show an increasing trend
with the increase in the relative displacement and plateaus appear after
a threshold separation. This trend is close to what is observed in exper-
iments, a result which can be explained by the variation of the total
electric field originating from the four charged layer. Therefore, the
DDEF model is more accurate than the CA model in predicting
the basic output performance of TENGs. Figures 11(h)–11( j) show
the outputs from the planar TENG device and non-planar device
based on the DDEF model. These results demonstrate that the output
performance of the non-planar TENG device can be accurately pre-
dicted by the method of DDEF modeling, demonstrating the model’s
ability to simulate TENGs with different geometries and complexities.

Another type of CS mode TENG is shown in Fig. 12(a) com-
posed by one dielectric layer and two metal sheets. It is noticed
that the top sheet not only functions as electrode but also as the tri-
boelectric layer. Thus, both tribocharges and induced charges are
distributed in the top sheet. When it moves up and down, albeit
the tribocharges are static on the metal surface, the induced
charges vary due to the potential difference between the two elec-
trodes, resulting in a variation of residual charges on the top elec-
trode. The overall electric field acting on the electrodes also
changes with the separation distance.4,46–48 According to Eq. (48),
the electric potentials at the top electrode (f1) and attached elec-
trode (f2) are

f1 ¼ � σU

πε0

ðx1þz(t)

0

f (x)dx þ σT

πε0

ðz(t)
0

f (x)dx, (53:a)

Journal of
Applied Physics TUTORIAL scitation.org/journal/jap

J. Appl. Phys. 128, 111101 (2020); doi: 10.1063/5.0020961 128, 111101-16

Published under license by AIP Publishing.

https://aip.scitation.org/journal/jap


f2 ¼
σU

πε1

ðx1þz(t)

0

f (x)dx � σT

πε1

ðz(t)þx1

x1

f (x)dx, (53:b)

where x1 and ε1 are the thickness and dielectric constant of the dielec-
tric layer, respectively. Based on Eq. (7), the voltage across a load resis-
tor Z is obtained from the time-dependent differential equation

LWZ
dσU

dt
þ σU

π
(
1
ε0

þ 1
ε1

)
ðx1þz(t)

0

f (x)dx

� σT

π

1
ε1

ðx1þz(t)

x1

f (x)dx þ 1
ε0

ðz(t)
0

f (x)dx

2
4

3
5 ¼ 0: (54)

2. Electrical potential of the SEC mode TENG

For the SEC mode TENG [Fig. 11(e)], using the method of
DDEF modeling and Eq. (48), the potentials of the primary

electrode (node 2) and reference electrode (node 3) are given by47

f1 ¼ � σU

πε0

ðd
0

f (x)dx þ σT

πε0

ðz(t)
0

f (x)dx, (55:a)

f2 ¼
σU

πε0

ðd
0

f (x)dx � σT

πε0

ðz(t)þd

d

f (x)dx, (55:b)

where d is the separation distance between the primary electrode
and the reference electrode. Based on Eq. (7), the governing equa-
tion of the SEC mode TENG is derived by

LWZ
dσU

dt
þ 2σU

πε0

ðd
0

f (x)dx þ σT

πε0

ðdþz(t)

d

f (x)dx �
ðz(t)
0

f (x)dx

2
4

3
5 ¼ 0,

(56)

FIG. 12. (a) Schematic illustration of a metal-dielectric vertical contact-separation mode TENG; (b) schematic illustration of a single-electrode mode TENG with a grounded
primary electrode through an output load; (c) schematic illustration, and (d) corresponding equivalent circuit model of a typical single-electrode mode TENG; (e) the overall
electric field behavior of the single-electrode mode TENG when the triboelectric layers are separated by an air gap; (f ) schematic illustration, and (g) corresponding equiva-
lent circuit model of a contact free-standing mode TENG; (h) schematic illustration of a TENG with m triboelectrically charged surfaces.48 Reproduced with permission from
Dharmasena et al., Nano Energy 48, 391 (2018). Copyright 2018 Elsevier.
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where Z is the external load resistance across the two electrodes.
Note that this equation is a first-order ODE, from which the
output charge density σu(t) can be solved,

LWZ
dσU

dt
þ 2σU

πε0

ð1
0

f (x)dx � σT

πε0

ðz(t)
0

f (x)dx ¼ 0: (57)

The primary electrode can be connected to ground directly
[Fig. 12(b)]. As seen in Fig. 12(b), when the dielectric layer moves
up and down, the total electric field acting on the primary electrode
changes. Thus, the electric potential of the primary electrode
increases/decreases, leading to charge transfer between ground and
the electrode. Based on Eq. (48), the electric potential of the
primary electrode is

f1 ¼ � σU

πε0

ð1
0

f (x)dx þ σT

πε0

ðz(t)
0

f (x)dx: (58)

And the voltage across the connected resistor Z can be obtained by
solving the time-dependent differential equation,

LWZ
dσU

dt
þ σU

πε0

ð1
0

f (x)dx � σT

πε0

ðz(t)
0

f (x)dx ¼ 0: (59)

3. Electrical potential of the contact-mode freestand-
ing mode TENGs (FSTENGs)

Consider a dielectric contact-mode FSTENG geometry illus-
trated in Fig. 12(f ). With the dielectric layer moving up and down,
tribocharges are generated between nodes 1 and 2 and nodes 3 and
4, respectively. Since the electric fields originating from these nodes
lead to an electric field acting on the bottom electrode, the electric
potential of node 4 strongly depends on the variation of these elec-
tric fields. For the same reason, the electric potential at the top
electrode (node 1) is also affected by changes in the total electric
field generated from the charged layers. Using Eqs. (11) and (48),
the electric potentials of the notes 4 (f1) and 1 (f2) are

47

f1 ¼ � σU

πε0

ðg
0

f (x)dx þ σT

πε0

ðg�z(t)�k

0

f (x)dx � σT

πε0

ðg
g�z(t)

f (x)dx, (60:a)

f2 ¼
σU

πε0

ðg
0

f (x)dx þ σT

πε0

ðz(t)
0

f (x)dx � σT

πε0

ðg
kþz(t)

f (x)dx: (60:b)

When a load resistor Z is connected between the two elec-
trodes, the potential difference will drive charges to flow from one
electrode to the other. Kirchhoff’s law states

LWZ
dσU

dt
þ 2σU

πε0

ðg
0

f (x)dx þ σT

πε0

ðz(t)
0

f (x)dx �
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f (x)dx �
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0

f (x)dx þ
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g�z(t)

f (x)dx

2
64

3
75 ¼ 0: (61)

Note that this equation is a time-dependent differential equation
that can be solved for the charge density [σu(t)].

In brief, based on the method of DDEF modeling, theoretical
models for several types of TENGs have been developed including the
non-planar TENG device. It has been demonstrated that the method
of DDEF modeling and 3D mathematical modeling, which are estab-
lished based on the quasi-electrostatic model, are more accurate than
the CA model in predicting the basic outputs of TENGs. On the other
hand, the DDEF model is just one special case of the time-dependent
3D mathematical model, for which the movable part of the TENG
moves in a designed direction, for example, the vertical direction. We
note that predicting the outputs of a TENG device moving in a hori-
zontal direction has never been reported based the DDEF model.

IV. EQUIVALENT ELECTRICAL CIRCUIT MODELS
OF TENGs

A. Capacitive model of TENGs

Using a first-order lumped-parameter equivalent circuit
model, a TENG device is represented by a serial connection of an

ideal voltage source (VOC) and the inherent capacitance (Ct) of
TENG [Fig. 13(a)].40,41,53–57 The VOC is generated by the poten-
tial difference between the two electrodes when there is no
charge transferred. The inherent capacitance of a TENG always
includes two parts [take the CS mode TENG as an example,
Fig. 6(c)]: the Cdevice and Cair are connected in series, i.e.,
1/Ct = 1/Cdevice + 1/Cair. The capacitance Cdevice remains cons-
tant over time and includes the contribution from the dielectric
layer and any additional capacitances connected in series to the
dielectric layer. The Cair is defined as the air gap contribution
which changes over time. This equivalent circuit model is the
capacitive model which is proposed based on the lumped
parameter circuit theory.1,41,43

Furthermore, a non-ideal factor that affects the ideal outputs
of TENGs is the parasitic capacitance, which cannot be neglected
and always exists in an electric circuit. As stated above, the essence
of the TENG energy harvester is to employ a quasi-electrostatic
system, any parasitic capacitance generated from the interruption
of the electric field close to the TENG system will affect its output.
The magnitude of the parasitic capacitance is usually comparable
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to a TENG’s inherent capacitance, making the TENG sensitive to
the external capacitance. The leakage mechanism is modeled via
an additional parasitic capacitor in parallel to the Cdevice.

43,58

The equivalent circuit model of the TENG including the addi-
tional parasitic capacitor is shown in Fig. 13(b). The capacitive
model is the first theoretical model built for TENGs. Although
there are limitations in this model, it provides a relatively simple
way to understand the working principles of TENGs easily and
conveniently.

1. Open-circuit voltage and short circuit current of
TENGs

Take the CS mode TENG shown in Fig. 6(c) as an example.
At OC conditions, there is no charge transferred between the two
electrodes. The voltage at OC conditions is54

VOC ¼ σTz(t)
ε0

: (62)

The output charge at SC conditions is given by

QSC ¼ SσTz(t)
d0 þ z(t)

, (63)

where d0 is the effective thickness of the dielectric layer, defined by
d1/ε1 + d2/ε2. Then, the short-circuit current (ISC) is derived by the
differential computing of the QSC,

ISC ¼ dQSC

dt
¼ σTd0S

(d0 þ z(t))2
dz
dt

¼ σTd0Sv(t)

(d0 þ z(t))2
: (64)

The VOC–time and QSC–time relationships simulated from the
CA model at small separation distances are similar to those of from
the method of 3D mathematical modeling, as seen in Fig. 7.

2. Inherent capacitive behavior of TENGs

According to the traditional definition of capacitance, the
capacitance of a TENG transducer is defined by

C ¼ ε0S
d0 þ z(t)

: (65)

Figure 14(b) shows a time-dependent capacitance of the CS
mode TENG, and the corresponding air gap-time relationship is
illustrated in Fig. 14(a). Here, the edge effect is ignored because the
size of the TENG is much larger than the air gap and the thickness
of the dielectric layer in this geometry.54,59 In general, the
maximum capacitance Cmax, minimum capacitance Cmin, and their
ratio (Cmax/Cmin) have significant influence on the energy conver-
sion efficiency of the TENG system. Cmax can be obtained when
there is no relative movement; on the contrary, when the moving
part reaches the largest distance, Cmin is reached.

3. Governing equation of TENGs from the CA model

According to the CA model and the relationship between
voltage, charge, and separation distance (V–Q–x), the governing
equation of the CA model is given by40,41,54

V ¼ � Q
C(x)

þ VOC(x), (66)

where C(x) represents the capacitance of the TENG, Q is the
output charge, and Voc is the open-circuit voltage.

When an external load resistor Z is connected between the
electrodes, combining Ohm’s law and Kirchhoff’s laws leads to the
governing equation for the CS mode TENG [Fig. 6(c)],

Z
dQ
dt

¼ � Q
Sε0

(d0 þ z(t))þ σTz(t)
ε0

: (67)

Note that this is a first-order ODE, in which the output
charge is taken as the dependent variable. With the boundary con-
dition Q (t = 0) = 0, this equation can be solved to give

Q(t) ¼ 1
Z
exp � 1

Z

ðt
0

dt0

C(z(t0))

� �

�
ðt
0
VOC(z(t

0)) exp
1
Z

ðt0
0

dt00

C(z(t00))

" #
dt0: (68)

The current and voltage across the external load Z are given by

I(t) ¼ VOC

Z
� 1
Z2C

exp � 1
Z

ðt
0

dt0

C(z(t0))

� �

�
ðt
0
VOC(z(t

0)) exp
1
Z

ðt00
0

dt00

C(z(t00))

" #
dt0, (69)

FIG. 13. (a) First-order lumped-parameter equivalent-circuit model for
TENGs within the framework of the lumped circuit abstraction.41 Reproduced
with permission from Niu et al., Nano Energy 8, 150 (2014). Copyright 2014
Elsevier. (b) Equivalent-circuit model for TENGs with the consideration of
parasitic capacitance. The modeling proposed compromises circuit effects
that cannot be ignored and significantly affect circuit performance in reality.43

Reproduced with permission from Dai et al., Nano Res. 10, 157 (2017).
Copyright 2018 Springer.
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V(t) ¼ VOC � 1
ZC

exp � 1
Z

ðt
0

dt0

C(z(t0))

� �

�
ðt
0
VOC(z(t

0)) exp
1
Z

ðt0
0

dt00

C(z(t00))

" #
dt0: (70)

The numerical calculations for the first half-cycle movement
are plotted in Figs. 14(c)–14(f). It is apparent that there are three
working regions in Fig. 14(e), which is similar to the behavior of
the DDEF model [Fig. 11(e)]. In the transition region, where the
maximum current drops dramatically but the maximum voltage
increases, the peak power is obtained. The corresponding load
resistance is denoted the “optimum resistance.” In fact, this
“optimum resistance” is only relevant for the first half cycle, since
the TENG is still in the transient stage. For this “optimum resis-
tance” in transient conditions one does not, however, obtain the
largest average power to steady state.

The same method can be utilized to explore the LS mode
TENG. As shown in Fig. 6(e), using Eq. (7), the governing equation
of the LS mode TENG is written as51

V ¼ � d0
wε0(l � a(t))

Qþ σTd0a(t)
ε0(l � a(t))

, (71)

where w and l are the length and width of the dielectric layer,
respectively. With the initial condition Q (t = 0) = 0, the output
charge Q is solved as

Q(t) ¼ σTS 1� exp(
d0

ε0ZS

ðt
0

l
l � a(t0)

dt0)
� �

� σTd0
ε0Z

ðt
0
exp(

d0
ε0ZS

ðt0
t

l
l � a(t00)

dt00)dt0, (72)

where S = wl represents the surface area of the dielectric layer. The
output voltage is given by

FIG. 14. Output performances of the
vertical contact-separation mode TENG
numerically calculated from the capaci-
tive mode. (a) The time-dependent air
gap, velocity (v), acceleration/decelera-
tion (a), and (b) the corresponding total
capacitance of the TENG.59

Reproduced with permission from
Zhang et al., Nano Energy, 63, 103856
(2019). Copyright 2019 Elsevier.
Time-dependent (c) output charge, and
(d) voltage at different load resistances
of the TENG; (e) the three-working
regions, and (f ) the peak power behav-
ior of the TENG.54 Reproduced with
permission from Niu et al., Energy
Environ. Sci. 6, 3576 (2013). Copyright
2013 Royal Society of Chemistry.
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V ¼ σTd0
ε0

l
l � a(t0)

exp(� d0
ε0ZS

ðt
0

l
l � a(t0)

dt0)þ d0
ε0ZS

l
l � a(t0)

ðt
0
exp(

d0
ε0ZS

ðt0
t

l
l � a(t00)

dt00)dt0 � 1

" #
: (73)

Therefore, the capacitance of the LS mode TENG can be cal-
culated in a standard way: as the ratio between the output charge
and voltage across the TENG.

On the other hand, similar to a traditional ZC circuit, the tran-
sient period from the relaxation state to steady state depends on the
time constant τ given by the product ZC. For a TENG device, due to
its time-varying capacitance, the relaxation time (τrelax) is closely
related to the effective capacitance [or root mean square value of the
C(t)]. As stated above, the capacitance of a TENG is composed of
two parts: the fixed capacitance introduced from the dielectric film
and the time-varying capacitance due to the relative movement. The
fixed capacitance (Cin) represents the dc component or the average
value of C(t), while the time-varying capacitance is a function of
time, its effective value Cac(Cac,rms) is derived from46

Cac(rms) ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
T

ðT
0
[Cac(t)]

2dt

s
: (74)

Then, the effective of C(t) is defined by

Crms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
in þ (Cac(rms))

2
q

: (75)

Note that in a dc network, the current/voltage of a capacitive
circuit approaches zero after approximately five time constants.
This result is equally applicable to a TENG circuit. Therefore, the
relaxation time of the TENG circuit is

τrelax ¼ 5ZCrms: (76)

And the corresponding minimum number of cycle krelax is

krelax ¼ τrelax
T

, (77)

indicating that after krelax cycles, the TENG device reaches
steady state.

The CA model is proposed based on the capacitive characteris-
tics of TENGs, through which the V–Q–x relationships, inherent
capacitance, and basic outputs of TENGs can be clearly demon-
strated. Moreover, the CA model is also available to other harvesting
systems such as the electrostatic harvester. The theoretical model of
the electrostatic harvester is similar to that of the TENG, except for
the fact that the contacting surface charges of TENGs are created by
CE. In addition, using the CA model, the internal impedance and the
relaxation time of TENGs can be easily understood. As the CA
model is built based on infinite charged planes, the accuracy of predi-
cations made by this model stays within a certain range of applicabil-
ity. Outside this range, deviations from experimental results occur,
especially at a larger relative movement of TENGs.4,47 This is mainly
due to the lack of finite-edge effects in this model.

B. Norton’s equivalent circuit model

In general, a simple resistive circuit can be analyzed using
Kirchhoff’s laws in combination with Ohm’s law. However, to
simplify a complex circuit structure, Thevenin and Norton
equivalent circuits are usually considered. For instance, a Norton
equivalent circuit consists of an independent current source in
parallel with the Norton equivalent resistance. The Norton
current equals the short-circuit current at the terminal of inter-
est, and the Norton resistance is identical to the Thevenin resis-
tance. Through the equivalent of Norton’s theorem for a
linear-two-terminal system, a TENG can be represented by a
time-variant source [IS(t)] in parallel with the TENG internal
impedance [ZS(t)] [Fig. 15(b)].

60

Take a TENG with m triboelectrically charged surfaces as an
example [Fig. 12(h)], when an external load (ZL) is connected
between the two electrodes, the governing equation derived from
the method of DDEF modeling is given by60

LWZL
dσU

dt
þ σU

π

1
εa

þ 1
εb

� �ðy
0

f (x)dx

� 1
π

Xm
i¼1

σT,i

εa

ð1
xa,i

f (x)dx � σT,i

εb

ð1
xb,i

f (x)dx

0
B@

1
CA

2
64

3
75 ¼ 0, (78)

where σu(t) is the output charge density, σT,i is the tribocharge
density of the ith tribo-charged surface, εa and εb are dielectric
constants, xa,i and xb,i are distances from the ith charged surface to
respective electrodes. y is the separation distance between the two
electrodes. This equation is a time-dependent differential equation;
and solving it, the output charge density can be evaluated.

As previously described, the capacitance of a typical CS mode
TENG is described by Eq. (65). For this multilayer CS mode
TENG, its effective capacitance K(t)eff is defined by

K(t)eff ¼
LW
G(t)

¼ 1
LWπ

1
εa

þ 1
εb

� �ðy
0

f (x)dx

2
4

3
5
�1

, (79)

where the G(t) is

G(t) ¼ 1
π

1
εa

þ 1
εb

� �ðy
0

f (x)dx: (80)

Through K(t)eff, the impedance behavior of this TENG can be
explored. For instance, at a given time t, and with a relatively low
frequency n (n < 1000 Hz), the internal impedance of the [ZS(t)] is
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derived by

ZS(t) ¼ 1
2πnK(t)eff

¼ 1
2π2LWn

1
εa

þ 1
εb

� �ðy
0

f (x)dx: (81)

Note that this equation is essentially equal to Eq. (41), and
both of them are functions of the TENG structures and mechanical
frequency.

As shown in Fig. 15(b), when an external load (ZL) is con-
nected in parallel with IS(t) and ZS(t), the current generated by the
TENG will be split and flow through ZS(t) and ZL. Therefore,

IL(t) ¼ IS(t)
ZS(t)

ZS(t)þ ZL
, (82)

where IL(t) stands for the current flow ZL. This equation is also
denoted as the power transfer equation of TENGs. Additionally,

the output power [Pout (t)] is estimated by

Pout(t) ¼ IL(t)
2ZL: (83)

It should be noticed that the current [IL(t)] through ZL mainly
depends on the short-circuit current and the impedance ratio
described by (ZS(t)/(ZS(t) + ZL)). According to Norton’s equivalent
circuit, the current source IS(t) can be represented by the short-
circuit current of the TENG. The current source IS(t) is given by

IS(t) ¼ ISC(t)

¼ LW
d
dt

σT
1
ε1

ðx1þx(t)

x1

f (x)dx
1
ε2

ðx2þx(t)

x2

f (x)dx

2
4

3
5

1
ε1

þ 1
ε2

� � Ðx1þx2þx(t)

0
f (x)dx

: (84)

FIG. 15. Norton’s equivalent circuit
model and the output characteristics
for a vertical contact-separation mode
TENG. (a) Conventional equivalent
circuit mode of TENGs; (b) the corre-
sponding Norton’s equivalent circuit
mode, from which the TENG is repre-
sented with a time-varying current
source [IS(t)] in paralleled with TENG
impedance [ZS(t)]; (c) a comparison of
peak power between the
Distance-Dependent Electric Field
mode and Norton’s circuit model at dif-
ferent working frequencies; (d) experi-
mental peak power compared with the
corresponding calculations under differ-
ent frequencies; time-dependent
current source [IS(t)], current through
the external load [IL(t)], and impedance
ratio under (e) ZL = 1GΩ for the
TENG, and (f ) different external load
resistances for the TENGs.60

Reproduced with permission from
Dharmasena et al., Adv. Energy Mat.
8, 1802190, (2018). Copyright 2018
Wiley.
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The numerical calculations based on above equations and the
experimental results are demonstrated in Fig. 15. From Figs. 15(c)
and 15(d), it is found that the experimental results are in agreement
with the theoretical predications from both the DDEF model and
Norton’s equivalent circuit model. The impedance plots shown in
Figs. 15(e) and 15(f) illustrate that changing the external load (ZL)
causes the i-ratio to vary, and the related output current [IS(t)]
changes accordingly. The overall global peak power occurs at
around ZL = 1 GΩ, at which the i-ratio ideally coincides with the
peak [IS(t)]. The above results provide a visualization method for a
TENG to map the occurrence of overall global peak power even at
different structural and mechanical motions.

In general, the maximum power transfer theorem reveals that
the maximum power transferred from the energy source to the
external load takes place when the impedance of the load is equal
to the impedance of the energy source. For the TENGs, the power
transfer equation suggests that this will happen when the i-ratio is
close to 0.5, which means the ZL should be close to ZS(t). This is
why we find the corresponding TENG impedance plots shown in
Fig. 15(f ). The conventional circuit model of TENG is modeled
by a voltage source in series with a variable capacitor, which does
not include the resistor. Through Thevenin’s equivalent circuit,
the time-varying capacitor is replaced by a corresponding TENG
impedance [ZS(t)]; and the related voltage source is then regarded
as the Voc of the TENG [Fig. 15(b)]. Next, the voltage source is
replaced by a current source being equal to the short circuit
current [IS(t)] of the TENG device, and the impedance element
does not change while its network changes from the series con-
nection owing to Norton’s equivalent circuit model. In other
words, due to the lumped parameter circuit theory, a TENG is
finally regarded as a current source in parallel with the TENG
impedance, both of which are time-varying variables. However,
by comparing simulated results based on the above equations and
experimental results, deviations are found (Fig. 15). Due to the
limited space and time, this deviation will not be discussed
further in this review. Note that the work published in Applied
Physics Reviews (Ref. 46) address this phenomenon.

C. Methods of dimensional analysis and FEM
simulation of TENGs

1. Dimensional analysis and optimization principles of
TENGs

Dimensional analysis often gives additional physics insight.
The motivation behind dimensional analysis is that any dimen-
sional equation can be written in an entirely equivalent
non-dimensional form. It is important to note that the output
performance of a TENG is governed in a complicated way by a
set of many parameters. Every single parameter is interlinked
with the other parameters in the modeling dynamics, and an
unexpected change in any of them will disrupt an optimal strat-
egy; thus a new specific condition for the best output should be
analyzed again.58,61–63 Therefore, considering a multi-parameter
analysis is necessary, and this is conveniently done using dimen-
sional analysis.46,58,62,63

To convert the governing equation of TENGs to a dimension-
less form, several reduced parameters must be defined first. From

the 3D mathematical model of the LS mode TENG, the corre-
sponding governing equation of Eq. (40) becomes46

�Z* dQ
*
U

dt*
¼ f*

1 � f*
2, (85)

where Q*
U;

QU
bLρT

, Z*; (L�amax)Zbε0
d0

, t*¼ f ¼ ωt, f*
1;

f1(x, y, z)
F(
Q
) ,

f*
2;

f2(x, y, z)
F(
Q
) , and F(

Q
) ¼ σTLd0

(L�amax)ε0
. Equation (85) is a dimension-

less form of the governing equation for the LS mode TENGs,
which is also available to any other TENGs with different configu-
rations and structures. With the initial condition Q*

U(w) ¼ 0 = 0,
the analytical solution of Q*

Uis given by

Q*
U(w) ¼

1
Z*

ðw
0
[f*

2(ε)� f*
1(ε)]dε: (86)

Then, the dimensionless current (I*), power (P*), average
power (Pave*), and electrical energy (E*) delivered to the external
resistor (Z*) can be derived. Moreover, the effective dimensionless
output charges (Q*

u,rms), current (I
*
rms), voltage (V

*
rms), power (P

*
rms),

electric energy (E*
rms) are also obtained. Furthermore, the physical

parameters such as the electric displacement (D*), displacement
current (I*D) can be evaluated.

Figure 16 illustrates the dimensionless analysis of the alternat-
ing current outputs of the LS mode TENG according to the
method of 3D mathematical modeling. Interestingly, the Q*V*
plots from the first cycle is not closed, meaning that the operation
of the LS mode TENG still works in a transition state. This phe-
nomenon is applied to other types of TENGs with different geome-
tries. If the TENGs are operated in a steady state, the Q*–V* plots
will be closed, as demonstrated in Fig. 15(b). When the optimum
resistance is loaded, the corresponding area of Q*–V* plot changes
to the biggest when compared with that of from other different
external loads. In this way, the largest dimensionless power and
energy [Fig. 15(c)] can be predicted.

The structural figure-of-merits (FOMs) have been defined
and proposed to explore the relationship between the structure
and outputs of a TENG.32,55 The figure-of-merits: FOMT, FOMRS,
and FOMS are shown in Fig. 15(d), where FOMT represents the
TENG operated in the steady state; FOMRS and FOMS represent
the structural FOM of TENGs for Zopt and infinite resistor, refer
to Shao et al. (Ref. 55) and Zi et al. (Ref. 32), respectively. It is
seen that the FOMT is smaller than the FOMRS and FOMS, this is
because the latter two are calculated from ideal conditions that all
charges are transferred in one cycle; while the FOMT represent
the output when only part of the charges flow between the two
electrodes of TENGs.

In a similar way, the governing equation of Eq. (66) from the
CA model is converted to the dimensionless form58

Z* dQ
*

dt
þ Q* 1

C*
þ z*

� �
¼ z*, (87)

where Z*;ωZLCair ¼ ZLAωε0
zmax

, C*; Cdevice
Cair

, z*; z(t)
zmax

Q*; Q
SσT

. With the
initial condition of Q*(0) = 0, the analytical solution is obtained by
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the integral factor method,

Q*(θ) ¼

Ðθ
0
(1� cos t) � exp 1

2Z*

2t
C*

þ t � sin t

� �� �
dt

2Z* exp
1
2Z*

2θ
C*

þ θ � sin θ

� �� � : (88)

In steady state where Q(θ) =Q(θ + 2π), the integral in Eq. (88)
can be replaced with one that runs over one period,

Q
*

steady(θ) ¼
exp

sin θ
2Z*

� �

2Z* exp
π

Z*

2
C*

þ 1

� �� �
� 1

� �

�
ð2π
0

[1� cos(t þ θ)] � exp 1
2Z*

2t
C*

þ t � sin(t þ θ)

� �� �
dt:

(89)

Additionally, with the solved Q*, the dimensionless current,
voltage, and power can also be calculated. For instance, the average
dimensionless power is characterized by

P* ¼ 1
2π

ð
cycle

I*2Z*: (90)

Using this equation, the output power can be optimized with
respect to Z* and C*. The maximum condition for the P* is proved by

Z* ¼ 1:14, 1/C*¼0:82, 2πP* ¼ 0:127: (91)

It is important to note that these equations define the
optimum conditions to get the maximum average output power of
TENGs based on the CA model.

Similar to the optimal conditions for the quasi-electrostatic
model, this approach explains how different physical parameters
must be optimized for the CA model. For instance, if two indepen-
dent sets of physical parameters yield the same Z* and C*, they
yield identical operation conditions. By using the dimensionless
average power, the real power density is given by

P
S
¼ P* � σ

2
Tωzmax

ε0
: (92)

Setting P* to its maximum value, a “device figure of merit” for
power density in CS mode TENG is defined as

FOMdevice ¼ 0:064 � σ
2
Tv
ε0

, (93)

where v = ωzmax/π is the average speed of the mechanical motion. It
is seen that the FOMdevice is a function of surface charge density (at
the steady state) and average speed of the CS mode TENG.

Figure 17 illustrates the principle of optimization for power gen-
eration and dimensionless parameter analysis. From Figs. 17(a)–17(c),
it is observed that the average power is optimized with a balance
of both matching load resistance and current. At optimal condi-
tions, the time-varying ZC product of the TENGs match the
mechanical motion period during the cycle. For good matching,
a large load resistance is required to compensate the large
1/Cdevice, resulting in a low current and a small average power.
On the contrary, with a small 1/Cdevice, a high current is gener-
ated. This leads to a mismatch with the mechanical triggering,
thus resulting in a small average power again. Similar trends for
the dimensionless average power are found in Figs. 17(d)–17(e).
Although the power during the transient behavior is higher than
that in the steady state, the related external load does not corre-
spond to optimum conditions. This is mainly because this type
of matching will lead to smaller average power in steady state.
Hence, it is demonstrated again that the optimum power and
related resistance are available from steady state and not from the
transient behavior of TENGs. The optimum resistance calculated
from Eq. (42) or by making the product of ZC equal to the
mechanical motion period specifies identical TENG device
optimum conditions convenient to realize maximum average

FIG. 16. Dimensionless analysis of the alternation current output performances
for the lateral-sliding mode TENG calculated from the three-dimensional mathe-
matical mode. Plots of dimensionless voltage (V*) and charge (Q*) from the first
cycle (a) to steady state cycle (b) under different dimensionless load resistance
(Z*); (c) comparison of dimensionless output energy (E*) harvested in steady
state for different xmax; (d) the figure-of-merits calculated in steady state (FOMT)
for the lateral-sliding mode TENG. Note that FOMRS and FOMS represent the
structural figure-of-merits of TENGs for Zopt and infinite resistor, refer to Shao
et al. (Ref. 55) and Zi et al. (Ref. 32), respectively.46 Reproduced with permis-
sion from Shao et al., Appl. Phys. Rev. 7, 011405 (2020). Copyright 2020 AIP
Publishing LLC.
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power generation. Furthermore, it should be noticed that the
optimum resistance of TENGs is only a function of its basic
structure and the operating frequency of TENGs.

The governing equation of TENGs, either based on the
method of 3D mathematical modeling or the CA model, can
always be reduced to the dimensionless form. Then, a set of theo-
retical models in connection with normalized governing equations
can be developed through which multi-physical, multi-structural,
and multi-mechanical factors can be analyzed simultaneously,
allowing us to determine the optimum conditions of TENGs for
any specific conditions.

2. FEM simulation of TENGs

In previously published studies, simulations are carried out so
as to obtain the open-circuit voltage and capacitance function in the
V–Q–x relationship.40,51,54 A more general approach can be carried
out using the finite element method (FEM), e.g., COMSOL
Multiphysics.64–71 The AC/DC module in the COMSOL physics

interface can be used to simulate the VOC and QSC of the TENG. In
fact, the AC/DC module includes stationary and dynamic electric
and magnetic fields in two- and three-dimensional spaces together
with the traditional circuit.72,73 The physics interfaces are utilized to
formulate and solve the differential form of Maxwell’s equations
together with initial and boundary conditions. For the TENG device,
the AC/DC module can also model the distributions of electric field,
electric displacement, polarization, electrostatic force, and so on.

When modeling the TENG device, the OC boundary condi-
tion is that the free charge on the electrodes is 0, i.e., no charges
are transferred between the two electrodes, while the electrode
potentials are the same for SC condition. The TENG device is
immersed in vacuum or subject to insulated conditions. The tribo-
charges are uniformly distributed on each dielectric interfaces such
that the total sum of tribocharges in the system is zero to maintain
charge equilibrium. As illustrated in Fig. 18, the variation of the
electric field E, electric displacement D, polarization P, and electric
potentials at different separation distances are simulated and the
TENG parameters can be evaluated.

FIG. 17. Dimensionless analysis of the
alternation current output performances
for the vertical contact-separation mode
TENG calculated from the capacitive
mode. (a) The time-dependent voltage
at different matching cases of the
TENG; the influence of Cair/Cdevice on
the (b) root-mean-square current, and
(c) average power; (d) power map for
the two dimensionless parameters R*
and 1/C*, and the color stands for the
dimensionless power in each cycle
2πP*; phase-dependent of the dimen-
sionless voltage (V*), current (I*), and
power (P*) at different matching cases
in (e), ( f ), and (g), respectively.58

Reproduced with permission from Peng
et al., Sci. Adv. 3, eaap8576 (2017).
Copyright 2017 Science Publishing
Group.
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V. ELECTROMECHANICAL COUPLING MODEL OF A
TENG IN AN ENERGY HARVESTING SYSTEM

A. Triboelectric-electret nanogenerators (T-ENGs)

1. Governing equations of the T-ENGs

The triboelectric-based electret nanogenerator (T-ENG) rep-
resents one type of electrostatic kinetic energy harvesters
(e-KEHs), based on a variable capacitive structure, and is gener-
ally made up of two/or more electrodes separated by a dielectric
that is typically air (or vacuum) [Fig. 19(a)].74 The dielectrics
selected for a T-ENG are electret materials, i.e., polarized dielec-
tric materials. Depending on the different electret fabrication
processes, charges are injected on the surface or inside the dielec-
tric layer. If an electret is created by contact electrification, it is
called a triboelectret.75,76 Due to the distribution of charges on
the triboelectret, an electric field is generated in the air and the
triboelectret, respectively. The voltage at the surface of the tribo-
electret layer is derived by74

VTE � σTEddie/εdie ¼ QTE/Cdie, (94)

where σTE denotes the charge density in the triboelectret surface,
QTE is the total surface charges; ddie, εdie, and Cdie represent the
thickness, permittivity, and capacitance of the triboelectret,
respectively. It is seen that VTE depends on the trobelectric
charges and the thickness of the triboelectric layer only but not

on the air gap if it is substantially larger than the thickness of the
triboelectret. Similar to the TENG device, the T-ENG device is
also governed by quasi-electrostatic laws. The equivalent electrical
circuit model of this T-ENG device is demonstrated in Figs. 19(b)
and 19(c). When an external load Z is connected between the two
electrodes, according to Kirchhoff’ law and Ohm’s law, the voltage
across the Z is given by74

Z � dQvar(t)
dt

þ Qvar(t)
CT�ENG(t)

¼ VTE, (95)

where Qvar represents the charges in the top electrode. CT-ENG rep-
resents the capacitance of the T-ENG, which is

CT�ENG ¼ CvarCdie

Cvar þ Cdie
¼ S

1
ddie
εdie

þ dvar
εair

, (96)

where Cvar is the capacitance of the air gap between the electret
and the top electret; dvar and εair represent the air gap thickness
and permittivity of the air, respectively. It should be noticed that
Eq. (95) is a first-order differential equation with time-dependent
coefficients, which cannot be solved analytically.77 The solution
of Qvar(t) can be represented as an infinite Fourier series78 which
must be solved numerically using, e.g., SPICE or Simulink

FIG. 18. Finite element modeling
(FEM) simulation of the lateral-sliding
mode TENG at open-circuit conditions,
using the COMSOL multiphysics soft-
ware. (a) Different positions in the top
electrode–dielectric interface and
bottom electrode–interface of the
TENG; (b) cross-section of the TENG
at the maximum separation distance of
0.9 L; finite element mesh for the mate-
rial body (c) and free space (d) at the
maximum separation distance; distribu-
tion of the z-component of (e) the elec-
tric displacement Dz, (f ) the electric
field Ez, and (g) the polarization vector
Pz. Ez (h), Pz (i), and Dz ( j) inside the
dielectric for the overlapping area
change with the relative movement of
the two triboelectric surfaces.46

Reproduced with permission from Shao
et al., Appl. Phys. Rev. 7, 011405
(2020). Copyright 2020 AIP Publishing
LLC.
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software.41,74 From Eq. (96), it is found that the T-ENG structure
is composed of two different capacitors. The first one is denoted
Cdie, which is a fixed-in-time capacitor depending on the thick-
ness and permittivity of the triboelectret. The second one is Cvar,
which is a variable capacitor changing relation to the air gap dis-
tance between the top electrode and the triboelectet. Note that
these two capacitors are connected in series.

The FEM simulations using COMSL software are shown in
Figs. 19(d) and 19(e). It is seen that the Q–V cycles [Fig. 19(d)]
turn clockwise, meaning the energy is harvested. Thus, this T-ENG
device is an energy generator. A voltage signal is generated at a very
small gap, which is less than 200 μm from the triboelectret layer, and
beyond this distance the generated signal is negligible. This is because
the generated electrostatic force induced by electrostatic charges is
reversely proportional to the square of the separation distance. In this
way, it is demonstrated that the electrostatic energy harvesters are
more efficient at microscale than at macroscale, a result that also
applies to many other types of electrostatic energy harvesters either.

2. Lumped schematic model of the T-ENGs

The whole mechanical system of the T-ENG energy harvester
is modeled including the inertial shaker, the T-ENG; a spring k
and damping element c are utilized to represent the elastic contact
between the top electrode and the triboelectric layer [Fig. 19(f )]. A
comparison of experimental results and simulations for VT-ENG

[Fig. 19(g)] agrees well thus establishing the validity and practica-
bility of this lumped-element model.

3. Similarities and differences between the TENGs and
T-ENGs

The similarities and differences between the TENG and
T-ENG can be summarized as

(a) Basic structure: both of the two different energy harvesting
devices consist of at least two electrodes and one dielectric
layer. From this point, they are similar to each other.

FIG. 19. Model of triboelectric-based
electret nanogenerator (T-ENG) and its
basic outputs. (a) Schematic illustration
of the T-ENG in the vertical contact
configuration, (b) equivalent circuit
model of the T-ENG and parameters,
and (c) compact electrical model of the
T-ENG; (d) plots of charge–voltage,
and (e) gap-voltage from the FEM sim-
ulation results; (f ) the mechanical
model of the T-ENG energy harvesting
system including the resonator, tribo-
electric layer, and substrate; (f ) com-
parison of the voltage through a load
ZL = 10 MΩ between the experimental
result and electrical modeling with a
parasitic capacitance of 2.5 pF.74

Reproduced with permission from
Hinchet et al., Nano Energy 47, 401
(2018). Copyright 2018 Elsevier.
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(b) Materials selection: for a TENG, materials that generate tribo-
charges can be selected as tribo-pairs. However, only the
so-called electret materials can be used for a T-ENG (such as
the polypropylene, PTFE). Because the electrets are dielectric
materials, T-ENGs constitute a sub-class of TENGs.

(c) Models and working principles: the TENGs and T-ENGs share
the same electric model: a constant voltage source, the value of
which equals to the surface voltage of the triboelectret/ or tri-
boelectric layer, in series with a variable capacitance of the
TENG/or T-ENG. From the classical electrostatic theory, the
T-ENG is also governed by the displacement current, and it
belongs to the device category that employs Maxwell’s displace-
ment current as driving force for effective conversion of
mechanical energy into electricity.

Consider the T-ENGs illustrated in Fig. 19(a) as an example: when the
top electrode moves, output charges flow through the external circuit
thereby reducing the potential difference. During operation, the
charges distributed in the electrodes change as the separation distance
changes, leading to a variation of total electric field within the T-ENG.
As a result, a displacement current is generated. Additionally, it is
known that the conduction current in the external circuit is equal to
the displacement current in the internal circuit of T-ENGs under ideal
conditions similar to the case with TENGs. In other words, the
TENGs and T-ENGs share almost the same working principles.

B. Electromechanical coupling models of TENGs

In general, a TENG energy harvesting system requires a
mechanical input (such as an external vibration) and an electrical
input (the power management circuit, Fig. 2). The TENG device

couples the mechanical energy field and electrical energy field. So,
an electromechanical coupling model is required to couple the
mechanical equilibrium and electrical loop equations of the TENG
energy harvesting system. The electromechanical coupling model
usually contains a mechanical model and an equivalent electrical
circuit model. The former and relevant dynamical equations are
proposed to describe the mechanical dynamics of the system,
which are strongly affected by the electrical operation of the TENG
transducer.79–81 The equivalent electrical circuit model of TENGs
has been established based on the lumped parameter circuit
theory.40,41 In general, the process of deriving the electromechani-
cally coupled equations involves applying the Newton’s second law
for the moving part of a TENG device in the mechanical domain,
Kirchhoff’s loop law for the conditioning circuit.

Two different mechanical models for TENGs have been devel-
oped to simulate the harvester dynamics.79–81 For a typical
mechanical energy harvesting system in which a CS mode TENG is
utilized as the energy transducer [Fig. 20(a)], its corresponding
dynamical model is represented by a one-degree-of-freedom
spring–mass–damper system [Figs. 20(b) and 20(c)]. Figures 20(b)
and 20(c) illustrate schematically the system before and at the onset
of impact, respectively, which means there are two scenarios for the
motion of the movable part. For the second scenario, the system
will be subject to a new spring force from the impact stiffness, ki,
except for the force due to the mechanical spring, keq. In other
words, the stiffness and damping become piece-wise functions.
Thus, two dynamic equations are needed to describe the motion.
Therefore, the coupled governing equations of the coupled electro-
mechanical system based on the piece-wise impact model and
equivalent electrical circuit model can be written as79

FIG. 20. Single-degree-of-freedom spring–mass–damper (SDOF) model of the vertical contact-separation mode TENG and the basic output performances. (a) Schematic
illustration, (b) equivalent SDOF model before impact, (c) at the onset of impact (zoomed in); (d) the resonance frequency without impact at low excitation; (e)
root-mean-square voltage of the TENG at different excitation levels with the resistance of Z = 2 MΩ; ( f ) comparison of root-mean-square voltage between the experimental
and simulated results with estimated excitation level (0.8 g), surface charge densities, σ, and damping ratios, ζ.79 Reproduced with permission from Ibrahim et al.,
J. Sound Vib. 416, 111 (2018). Copyright 2018 Elsevier.
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m
d2y
dt2

¼ �cm
dy
dt

� keqy(t)þ q2(t)
2εrε0S

�ma, y(t) , gi, (97:a)

m
d2y
dt2

¼ �ci
dy
dt

� keqy(t)� kiy((t)� gi)�ma, y(t) � gi,

(97:b)

dq
dt

¼ � q(t)
ε0ZS

(
T
εr

þ d0 � y(t))þ σ

ε0Z
(d0 � y(t)): (97:c)

Note that m represents the mass of the structure. ci denotes
the impact damping coefficient and ki represents the impact stiff-
ness coefficient. y(t) is the relative displacement of the upper elec-
trode with respect to the base measured from fixed initial reference,
cm represents the mechanical damping coefficient. keq is the equiva-
lent stiffness for the clamped–clamped beam with the center mass,
which is calculated by keq =m(2πfn)

2, where fn is the measured res-
onance frequency of the structure. Fe stands for the electrostatic
force, and a(t) represents the base excitation. It is apparent that the
introduction of a piece-wise stiffness will yield a large frequency
bandwidth of this system, and then enhance efficiency in energy
conversion. As demonstrated in Fig. 20(e), the frequency band-
widths increases with excitation level to reach a maximum value of
10 Hz at 0.8 g excitation level. The bigger excitation amplitude will
cause a large contact area and more generated charges, resulting in
the increment of the tribocharge density [Fig. 20(f )].

For the contact freestanding mode TENG, a mechanical model
based on the three-degree-of-freedom vibro-impact oscillator is pro-
posed.80,81 Either the one-degree-of-freedom spring–mass–damper
system or the three-degree-of-freedom vibro-impact oscillator
system, these mechanical models mainly depend on the structural
dynamic aspects and dynamic input that we are interested in.
Moreover, the coupling effect enabling the two systems to be
modeled as strongly coupled or weakly coupled should be considered
and investigated simultaneously, which is mainly determined by the
actual conditions.82–91 It has been proved that the electrostatic force
plays a key role in relation to the couplings and energy conversion.74

Through this model, the optimal condition for an individual TENG
to provide the maximum output power at a predetermined frequency
can be obtained. For instance, when resonance oscillation takes
place, the resonant TENGs can effectively harvest vibration energy
due to the effect of impact stiffening.82 There is, however, still much
work to obtain a detailed understanding.

VI. RELATIONSHIP AMONG VARIOUS MODELS

A. The lumped circuit abstraction and lumped matter
discipline

The definition of lumped circuit abstraction is: “Capped a set of
lumped elements that obey the lumped matter discipline (LMD) using
ideal wires to form an assembly that performs a specific function
results in the lumped circuit abstraction.”92–94 Here, the LMD always
refers to a set of constraints that for the definitions or terminal interac-
tions. If the LMD is adhered, the related circuit analysis and work with
the lumped circuit abstraction can be simplified. The lumped matter
discipline provides the foundation for the lumped circuit abstraction,

and is the fundamental mechanism by which the research is able to
move from the field of physics to the field of electrical engineering.92,93

When a circuit is adaptable with LMD, the circuit itself can be
abstracted as a lumped element. The lumped element model of
TENG is modeled by a voltage source in series with a variable capac-
itor. As an example, take the CS mode TENG shown in Fig. 6(c).
Here, equal positive and negative charges are distributed on the
tribo-surfaces and the two electrodes of TENGs. It is apparent that
the TENG device is neutral at any time because of the law of charge
conservation, i.e., the total charge within the TENG devise is zero,
and thus satisfies criterion for LMD. So, the TENG can be regarded
as a lumped element.

B. Deriving Kirchhoff’s law from Maxwell’s equations

It has been shown that the TENG can be regarded as a
lumped element. In general, the relevant Maxwell’s equations and
continuity equation,92

þ
E � dl ¼ � @fB

@t
, (98:a)

þ
J � dS ¼ � @q

@t
(98:b)

can be simplified to the following:

þ
E � dl ¼ 0, (99:a)

þ
J � dS ¼ 0, (99:b)

according to LMD or due to the constrained domain: ∂fB/∂t = 0,
and ∂q/∂t = 0. Equation (99.a) indicates that the line integral of the
field around any closed path is zero. Applying Eq. (99.a) to the
closed loop shown in Fig. 5(a), we get

þ
E � dl ¼

ðB
A

E � dl þ
ðA
B

E � dl ¼ 0: (100)

Because the potential difference Vxy across the xy terminal of
an element is

Vxy ¼
ðy
x

E � dl: (101)

Thus, we have (Fig. 5)

þ
E � dl ¼

ðB
A

E � dl þ
ðA
B

E � dl ¼ VAB þ VBA ¼ VAB þ IZ

¼ VAB þ @Q
@t

Z ¼ 0, (102)
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VAB ¼
ðB
A

E � dl ¼ � @Q
@t

Z: (103)

Equation (102) means that the algebraic sum of the voltages
around any closed path in the circuit is equal to zero. In other words,
combining the TENG model and LMD, the Kirchhoff’s voltage law is
derived from the Maxwell’s equations. More importantly, it is appar-
ent that the derived Eq. (103) is identical with Eq. (7). For these
reasons, a map is sketched (Fig. 21) so as to express the relationship
between the formal physical model and the equivalent electrical
circuit model of TENGs. The formal physical model mainly refers to
the quasi-electrostatic model, which is constructed from the
Maxwell’s equations. In particular, the methods of 3D mathematical
modeling and DDEF modeling have been proposed to explore physi-
cal variables such as the electric potential (f), electric field (E), polar-
ization (Wang term, PS) and so on. Similarly, the equivalent circuit
models are developed from the lumped circuit abstraction, and the
relevant dynamic electric circuits can be analyzed through differential
equations owing to the LMD. In addition, the mechanical model is
significantly affected by the electrical operation of the TENG device;
for instance, it has been proved that the electrostatic force plays an
important role with respect to the coupling coefficient in an electro-
mechanical coupling model.

VII. SUMMARY

In conclusion, the goal of this review paper was to present a
summary about TENG models developed as of today, which

included the formal physical model, equivalent electrical circuit
model, mechanical model, and electromechanical coupling models
of a TENG energy harvesting system. The main conclusions were
drawn as follows:

(1) A typical TENG energy harvesting system is composed by a
resonator (mechanical excitation), a TENG transducer, and a
power management circuit (conditioning circuit). Mechanical
energy is first converted into electricity and stored in the
TENG device as an electric field distribution. The electrical
energy is then fed into the external circuit and extracted from
there. The resonator works under mechanical triggering, while
the power management circuit controls the extracted electrical
energy; the TENG harvester couples the mechanical and elec-
trical energy fields.

(2) Based on the Maxwell’s equations, the quasi-electrostatic model
is established, which essentially belongs to the formal physical
model of TENGs, and can be numerically described by the
methods of three-dimensional mathematical modeling and
distance-dependent electric field modeling. These models allow
us to determine the change of physical variables such as the elec-
tric potential f, electric field E, electric displacement D, polariza-
tion P, polarization (Wang term) PS, displacement current ID,
from which the fundamentals of TENGs can be clearly explored.

(3) The equivalent electrical circuit models of TENGs include the
conventional capacitive model and Norton’s equivalent circuit
model, which are proposed according to the lumped parameter
circuit theory. The TENG device is neutral at any time and
thus can be regarded as a lumped element. In effect, the TENG
is represented by a voltage source in series with a variable
capacitor; yet it can also be regarded as a combination of a
time-variant source and the TENG internal impedance accord-
ing to the Norton’s equivalent circuit model.

(4) The mechanical model and relevant dynamic equations
describe the structural dynamic behaviors of the TENG
energy harvesting system. These configurations can be repre-
sented by a one degree-of-freedom spring–mass–damper
system or a three-degree-of-freedom vibro-impact oscillator
system, depending on the actual conditions. Combining the
electrical sub-models, an electromechanical coupling model
for the TENG energy harvesting system is constructed,
through which the dynamic input conditions, electrical
output conditions, as well as the coupling effects can be
explored. Finally, the optimum conditions and maximum
energy harvesting output as well as the related total energy
conversion efficiency can be modeled and predicted.

(5) Because the TENG device satisfies LMD, Kirchhoff’s law and
the governing equations of TENGs can be derived from the
Maxwell’s equations. The formal physical models of TENGs
are described by Maxwell’s equations in the physical field while
the equivalent electrical circuit models of TENGs are domi-
nated by the lumped circuit abstraction theory. By use of LMD,
one can easily move from the field of physics to the field of
electrical engineering.

Fundamental sciences and advanced technological applications are
closely coupled in the context of TENG devices. Models of TENGs

FIG. 21. Physical model and equivalent circuit model of TENGs built for differ-
ent fields: the formal physical model is utilized to explore the physical variables
within the TENGs while the equivalent electrical circuit model is developed to
investigate the circuit variables in the external circuit. The equivalent electrical
circuit model is essentially abstracted from the formal physical model due to the
new abstraction layer created on top of Maxwell’s Equations. The formal physical
model is described by Maxwell’s equations while the dynamic electric circuits
can be analyzed through differential equations.
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provide a powerful and strong bridge to connect core science prob-
lems and engineering applications together, from which more and
more quantitative research and evaluation can be carried out. We
emphasize that we did not consider generation of tribo-charges,
edge effects, air breakdown, etc. in this review.95–101 It is, however,
our hope that this review can provide a guide for understanding
the basic models and fundamentals of TENGs toward more sophis-
ticated applications in the near future.
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